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Abstract: Let X = (Xi, ■ ■ ■ ,X q ) be a family of real smooth vector fields 
satisfying Homander's condition. The purpose of this paper is to establish gradi- 
ent estimates in generalized Morrey spaces for weak solutions of the divergence 
degenerate parabolic system related to X : 

4 + X* a (af(z)X^) =g % + X*ft(z), 

where a, — 1,2, ••• ,q, i 7 j = 1,2, ••• ,N, X* is the transposed vector field 

a/3 



of X a , z — (t,x) 6 R™ +1 , and coefficients a"j(z) belong to the space VMO 
induced by the vector fields X\,...,X q . 

Key words: divergence degenerate parabolic system; weak solution; Hormander's 
vector fields; VMO function; generalized Morrey space. 

1 Introduction 

Let us consider a family of real smooth vector fields 

n q 
Xj = ^2b jk {x)- — ,j = 1,2, • • • ,q, (q < n), 

k=l Xk 

defined in a neighborhood f2 of some bounded domain C M n , satisfying 
Hormander's condition, namely, the Lie algebra generated by the family X — 
(Xi, ■ ■ ■ , X q ) at any point of f2 spans R n , see [10]. 

Equations and systems involving vector fields have received much attention 
during the recent years, see [1, 8, 12, 14, 15, 16, 19, 20, 21] etc.. The Morrey 
estimates for elliptic systems in Carnot-Caratheodory space have been studied 
by G. Di Fazio and M. Fanciullo in [6]. The aim of this paper is to establish 
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gradient estimates in generalized Morrey spaces for weak solutions of the diver- 
gence degenerate parabolic system related to X. Of course, our work is greatly 
influenced by those in the classic Euclidean case, that is Xj = = 1, ...,n, 

where fairly complete results have been obtained, for example, see [2, 9, 11, 
18] etc.. For parabolic system with constant coefficients, Schauder and L p esti- 
mates were studied by Schlag in [17], while when coefficients are discontinuous 
and belong some VMO space, Mcbride in [13] derived the generalized Morrey 
estimates for gradients of weak solutions. For some earlier studies, we quote [3, 
4, 18] and the references therein. 

In this paper, the degenerate parabolic system we considered is of the type 

u\ + X*(a»f(z)X^) = 9i + X*J?(z), (1.1) 

where a,/3 = 1, 2, • • • , g; i,j = 1, 2, • • • , N, z = (x, t) G M" +1 , X* is the trans- 
posed vector field of Xj, X* = -X 5 + Cj ( Cj = - £ ^ G C°°(fi)), fl is a 

k=l k 

bounded domain in R 71 . 

The main difficulty in our setting is that the presence of commutators of 
vector fields which does not allow us to differentiate the equation. In order to 
overcome this and apply the method in [13] to our system, we need to resort to 
some conclusions proved by Xu in [20], and prove that some relative results in 
the classic Euclidean case are still hold in our setting. 

Our basic assumption is: 

(H) Let gi and f" in (|1.1[) belong to the generalized Morrey space L"^ x (Qt), 
< A < Q + 2 (the number Q is the homogeneous dimension relative to O), and 
coefficients aff(z) belong to L°°(Q T ) n VMO{Q T ), where we refer to Section 

2 for the precise meaning of L"^ x (Qt), Qt, <p and V MO(Qt)- Also let af? (x, t) 
satisfy the uniform cllipticity condition: 

A-W<<W)£$<A|£| a , (1-2) 

where A > 1, £ G K^ 1 ^, (a;, t) G Qt- 

We say u G V-z{Qt) (see Section 2) is a weak solution of ([l.ip . if for any 
vector- valued function ip £ C^°(Qt), 

ff [uiiP + a'*fX a iP i Xf i u j }dz= ff [ 9i iP + f?X a ij}dz. 
JjQt JJqt 

Now, we state the main result of this paper. 

Theorem 1.1 Under the assumption (H), let u G V^(Qt) be a weak solution 
°f {HIP i- n Qt- Suppose that there exists 7, such that A < 7 < Q + 2 and 
the function r , 2/ r \ (r > 0) is almost increasing (see Section 2 below). Then 
Xu G L^ X (Q') for any Q' <s Q" <e Qt- Moreover, the following estimate holds 
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The plan of the paper is organized as follows. In Section 2, we introduce 
some function spaces such as generalized Morrey spaces, generalized Sobolev 
spaces, and give some known results which will be used. Section 3 is devoted to 
deducing a Caccioppoli inequality (Lemma 3.1) and L 2 estimates for derivatives 
(with respect to vector fields and t) of weak solutions of (3.1) (Lemma 3.4). 
Using the reverse Holder inequality on the homogeneous space, we prove a higher 
integrability to (3.1)(see Theorem 3.9). With the help of the results in Sections 
2 and 3, we complete the proof of Theorem 1.1 in Section 4. 

2 Preliminaries 

In this section we introduce some preparatory material related to Hormander's 
vector fields and state some function spaces. Several known results which will 
be used later are collected. 

For every multi- index I = (ii, 12, ■ ■ ■ , ifc), we denote the length of / by |/| = k, 
and set 

X/ = X u X l2 . ..X ik ,Xp = [Xp d , [Xp d _ lf - ■ ■ [X 02 ,X 01 ] ■ ■•]]. 
The length of commutator Xp is denoted by = d. 

Definition 2.1 (Carnot-Caratheodory distance). An absolutely continuous curve 
7 : [0, T] — > f2 is called a sub-unit curve with respect to the system X, if "f'(t) 
exists and satisfies that for any £ € R n , 

<7 , w,e> 2 <E < ^(TW)^ >2 ' a - e - *e m. 

The length of 'y is denoted by Is (7) = T. Given any x,y £ f2, we stand for the 
collection of all sub-unit curves connecting x and y by $(x, y) and define 

dx(x, y) = inf{/ s (7) : 7 G $(x, y)}. 

Note that the function dx(x,y) is finite for any x,y G and dx is really a 
distance in fi. One calls that dx is a Carnot-Caratheodory distance. 

A metric ball of center x and radius R is denoted by 

B R (x) = B{ Xl R) = {y £ n : d x {x,y) < R}. 

When we do not consider the center of a ball, we will simply write Br instead 
of B(x,R). 

Due to [T3], for f2 C K™, there exist constants Cd,Rd > such that for 
every xq G and < R < Rd, one has 

\B(x ,2R)\<C D \B(x ,R)\. 
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Moreover, for every R < Ru and r £ (0, 1), we have 

|5 T *|>C-V2|B fl |. (2.1) 

Through out of this paper, we denote Qt = O x (0, T] and zq = (xo, to) £ Qt C 
K™ +1 . A parabolic cylinder with vertex at zq is denoted by 

Qr(z ) = B R (x ) x (t - R 2 M- 

In the sequel, let us denote Ir (to) — (to — R 2 , to] and the parabolic boundary 
of Qr by dpQft. Denote the Lebesgue measure of B(x, R) in the n-dimensional 
space by \B{x, R)\, and the Lebesgue measure of Qr(zo) in the n+l-dimensional 
space by \Qr(z )\. 

Definition 2.2 (Almost increasing function, see \1VP- A function h : [0,do] — > 
[0, oo) is said almost increasing, where do > 0, if there exists Kh > 1, such that 
for any < s < t < do, the following holds 

h(s) < K h h(t). 

Definition 2.3 Let 1 < p < +oo,0 < A < Q + 2 and ip be a continuous function 
on [0,d] such that ip > on (0, d], where d is the diameter of Qt- We say that 
f £ L p (Qt) belongs to a generalized Morrey space L^ x {Qt), if 

sup — !-t(/9~ A // \ f \ p dz)p < oo. 



V zoSQt ,0<p<d if(p) JJQ T nQ p (z ) 

It is easy to prove that the space L^' x (Qt) is a Banach space as in [T3] . 
Definition 2.4 (BMO and VMO space). For any f £ L X {Q T ), we set 

rj(r)= sup ( 1 ff \f(z)- f QTnQ {zo) (z)\dz), 

z eQ,o< P <r \Qt r\Q p (zo)\ JJQ T r\Q p {z ) 

where / Qr nQ p ( 2o ) = \Q T nQ p (z )\ IlQ T nQ p (z ) f( z ) dz - #™P^M < oo, then it 

says f £ BMO{Qt) (Bounded Mean Oscillation). Moreover, if r\ (r) — > as 
r — > 0, then we call f £ VMO(Qt) (Vanishing Mean Oscillation). 

Definition 2.5 (Generalized Sobolev space). The space 

V 2 {Qt) = {u:u£ L°°(Q,T-L 2 {Q t )),Xu £ L 2 (Q T )} 

1 2 i 

is called a generalized Sobolev space, where \Xu\ = (5J \Xiu\ ) 2 . 

i=l 

Lemma 2.6 (see Ulf ). Let H be a non-negative almost increasing function in 
[0, i?o] and F a positive function on (0, Rq] ■ Suppose that H and F satisfy 
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(1) There exist positive constants A,B,e and f3 such that for any < p < 
R < R$, 

H{p) < (A(^f + s)H(R) + BF(R); (2.2) 

(2) There exists 7 E (0, f3) such that -p^j is almost increasing in (0,i?o]- 
Then there exist Eq = £o(A, (3, 7) and C — C'(A, /3, 7, Kh ) such that if e < Eq, 

one has 

H(p)<C^H(R) + CBF(p). (2.3) 

The following technical lemma is from [5]. 

Lemma 2.7 Let f(t) be a bounded nonnegative function on [Toj^i]; T\ > To > 
0. Suppose that for any s and t, Tq <t < s <Ti, f satisfies 

f(t)<0f(s) + j^ + B, 

where 9,A,B,a are nonnegative constants and 9 < 1. Then for any Tq < p < 
R < T\, one has 

where C depends only on a. 

3 Homogeneous parabolic system with constant 
coefficients 

Let us consider the homogeneous degenerate parabolic system 

where coefficients d?? are constants and satisfy (If .21) . We will establish a Cac- 
cioppoli inequality and L 2 estimates for derivatives (with respect to vector fields 
X\,...,X q and the variable t) of weak solutions of fl3.1[) by extending results in 
[20]. Using the reverse Hoder inequality on the homogeneous space, a higher 
integrability to (|3.1I) is proved. To simplify the notations, in the sequel, Qr (zq), 
Br (xq), Ir (to) and dxdt are written as Qr, Br, Ir and dz, respectively. 

Lemma 3.1 (Caccioppoli inequality). Let u G V^Qt) be a weak solution of 
\3. Then for any Qr C Qt and p < R, 

sup / \u\ 2 dx+ / / \Xu\ 2 dxdt < — ^ / / \u\ 2 dxdt. (3-2) 

/ P Jb„ JJq p (R - p) JJqr 

Furthermore, for any 6 £ 1, it follows 

sup / \u — b\ 2 dx + // \Xu\ 2 dxdt < — ^ // \u — b\ 2 dxdt (3.3) 

i P Jb p jjq p (R-p) JJqr 



u\ + X* a {a^X^)=Q, (3.1) 
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and 



(3.4) 



Proof. Given B p C B R C f2, choose a test function fi{x) = u 1 £ 2 '{x)-q(t) with 

e(x) e Co^W.o < e < i, i^ei < t^— ,e = i(m b p ) 

it — p 



and 



— R2_ p 2 - , t e (to — R 2 , to — p 2 ), 
l, te[t - P 2 ,t ). 



Multiplying both sides of (|3.1|) by fi(x) and integrating on Q' R = Br(xq) x (to - 
R 2 ,t], we get 



Q'r 



Q'r 



G H r,) t e - £ \u\ 2 em + a^evX^Xpu- 



ij 



+2a°'fu^r,X a ZXf j u> 
and then by moving terms, 



dz, 



Q'r 



1(1: W\ 2 VH 2 + affevXa^Xpu^dz 



[~ M 2 £ 2 r? t - 2atfu^ V X a ^X^]dz 



Q'r 2 
1 



: ll^^\u\'eVtdz + eJj^ev\Xu\ 2 dz + C s ll ,/ |„| J LYi.| J </:. Clo) 



Using 



// (i|u| 2 »7) t e 2 &r= / / (i|u| a ^dtda: 

•/./Q'r 2 J B R J(t a -B 2 ,t] * 



u\ 2 £, 2 dx, 



Br 



and (|1.2p . we have from (|3.5[) that 
Js H 1 JJq' r 



< 



u\ 2 i 2 r] t dz + e 1 1 £, 2 T] \Xu\ z dz + C e \\ n \u\ z \X£\ Z dz 

Q'r 
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In the light of properties of £ (x) and r] (t), it implies 
V{t) f \u\ 2 £ 2 dx+ ff S, 2 r,\Xu\ 2 dz 

J Br JJQ'b 

<C e ff \u\ 2 eVtdz + C e ff V \u\ 2 \X^\ 2 dz 

J JQ' R J JQ' R 

,2,1 C 



thus 



\u\ 2 dxdt, 



sup / \u\ 2 dx+ / / \Xu\ 2 dxdt < — j / / 

i P Jb p JJq p (R-p) JJQ.. 

namely, (|3.2[) is proved. 

The proof of (|3.3p is similar to that of (|3.2p . just taking the test function 
fi(x) — {u l — 6)£ 2 (x)rj(t) instead. We omit the details. 

Now we come to prove p.4[) . Let p < s < I < R with Z — s = s — p and 
fi(x) — u\^\(x)rji{t) be a test function with 

e C o °°(B s ),0 < 6 < 1, < — ,6 = l(in B p ) 

s- p 

and 

= / ^feA^o-^o-p 2 ), 
1 l, te[t - P 2 ,t ). 

Multiplying both sides in (|3 . 1 1) by fi(x) and integrating on Q s , one gets 
= Jj [WYgm + a°feimX*4Xp U i + 2afu^ m X a C 1 X^]dz, 

then 

&m \u t \ 2 dz <c JJ^ [gm \x Ut \ \xu\ + m iftuti |xu| ^ 

: JJ^ grnlXutfdz+j JJ^ gmlXufdz 

r/i \^ut\ 2 dz + C JJ m \Xu\ 2 \X^\ 2 dz. 

Noting properties of £i (x) and 771 (i), it yields 

M 2 dz < 2e ff \Xu t \ 2 dz 
Q P JjQs 

+ — ff \Xu\ 2 dz+ , xo ff \Xu\ 2 dz. (3.6) 
£ JJqs \ s - Pr JJq s 



< e 
1 

+ 2 
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Since u t is still a weak solution of (|3.1[) . we apply (|3.2p to Ut and have 

\Xu t f dz < , 2 ff \u t \ 2 dz 

and 

C 



iXufdzK^JJjufd, 
Inserting the above two inequalities into (|3.6p and using I — s = s — p, it obtains 



Taking e — , it follows 

\u t \ 2 dz<\(( \u t \ 2 dz+ ° [[ \u\ 2 dz 
and then (3.4) from Lemma l2~7l ■ 

Remark 3.2 Checking carefully the proof of Lemma \3.1[ one find that conclu- 
sions in Lemma \3.1\ are still hold for the homogeneous parabolic system with 
variable coefficients, provided coefficients are bounded and satisfy il.ty) . It will 
be used in Section 4- 

Lemma 3.3 Let u 6 C°°(Q T ), B R C n and I R C (0,T). Then 

(i) when k > there exist positive constants Rq and c such that for any 
R < Rq, 

sup \u(x,t)\ < c|B B |-* ]T rW W X i u ( x M LK B R y ( 3 - 7 ) 
xeB R/4 | j-f <fc 

(ii) when fc > 1, there exist positive constants i?o an d c such that for any 

R ^ 

sup \u(x,t)\<c R2m ^\\ d T u M\\mi R y ( 3 - 8 ) 

t£/ «/ 4 2m<k 

The first statement is from Proposition 2.4 in [20]. The second is easily 
proved by the same way in [20] . We omit it here. 
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Lemma 3.4 Let u £ V^Qt) be a weak solution of \3.1\) . Then u £ C°°(Qt) 
and for any positive integer k, it follows 

Y, I! \ X M 2 dz<-^H \u\ 2 dz (3.9) 

\I\<k J J Qn/2k JJQr 

and 

J2 II dz < II \u\ 2 dz. (3.10) 

\I\+2m<k J J QR/2k JJQr 

Proof. Denote M k (fl) = {u £ L 2 (Q),X lU £ L 2 (fl), \I\ < k} and Lu = u\ + 
X* a {afX^), Since u is a weak solution of (|3.1[) and L is hypoelliptic, we 
deduce that u belongs to C cg (Qt) from Lu = 0. 

Let us test (|3.9|) by the induction on k. When k = 1, setting p = § in (13.21) 
leads to 

\Xju\ 2 dz < — - / / |w| 2 cfe. 
Or/2 R JJQr 

Assuming that (|3.9p is true if |/| < fc — l(k > 2 ), we show that (|3.9j) is still true 
when |/| = fc. 

Let S,(x)rj (t) be a cutoff function with 

£(a;) £ C^{B R/2k -r),Q < i < 1, \X^\ < = l(m B fl/2 *) 

and 

„U\ = \ (R/~2 k -^) 2 -(R/2 k ) 2 ^ (*0 _ (-R/2 fe X ) 2 , to — (-R/2 fe ) 2 ), 

\ 1, * 6 [t -(i?/2 fe ) 2 ,io). 

Denote = a?jr X a Xpv? . Recalling = and X* = — X a + c a , one sees 

= a"fc a Xpu j + u\. 
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Due to regularity result by Rothschild and Stein ([TB]) to the operator L, we 
have 



Y, II \Xm\ 2 dz 



\I\=k "^R/2 

^ E 

\I\<k" 1 R/2 k 



\\x lU \\l 2lr , ,,dt< 



< c 



< c 



< c 



R/2 k ~ 



R/2 k ~ 1 



R/2 k ~ 1 



L ' 2{ ~ B R/2 k ) 

2 



Uw\\ 



R/2 k ~ 



M k (B R/2k _ 1 ) 



dt 



M k - 2 (B R/2k ^) 



atfc a Xp(£r)uy 



Mk - 2 ( B R/2 k -l) 



+ \\{^u)\\\ Mk ^ {BR/2ki) + Uwh^B^.Jdt. 

Let us denote 



(3.11) 



I = c 



l R/2 k ~ 

11 = c 



a"fc a Xp(£r)u) j 



M"- 2 (B R/2k ^ 1 ) 



dt. 



\{^ U )\\\ M ^{B R/2k ^) 

We first estimate II. By properties of £ (x) and r\ (i), 



dt. 



I R/2 k ~l 



II = c 



\\(£r)u) 



R/2 k ~l 



t\\M k -HB R/2k ^ 1 ) 



dt 



E 



E 

\I\<k-2 J ,J ^R/2 k -i 

l 

- C _R2(|/|+2) 

|J|<fc-2 " " -*R/2 k 



[IVtuX^l 2 + \^ t X lU \ 2 + \vutXjtf + \^X lUt \ 2 }dz, 



' dz + c // |X/u| 2 dz 

|/|<fe-2 JJQr/2><-i 



+c E 

|/|<Ai-2 " " ^R/2" 



\u t \ 2 dz + c Y // \X lUt \ 2 dz. (3.12) 

|/|<fe-2 Q R/2''-i 



From the assertion for \I\ < k — 1, it follows 



E 



|J|<fc-2" " Q H/2 



R 2{k-2) 



\u\ 2 dz. 



(3.13) 
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On the other hand, since ut is still a weak solution of (|3.ip . we apply (|3.4j) to 
Ut and derive 



E 

|/|<fc-2 J Qn/2k-l 



\Xiut\? dz < 



_R2(fc-2) 



Qi?./2 



Inserting (|37l3|) and (|3~T1) into (|3"7l2l) . it shows from (ET4|) that 



|it| 2 dz. 



(3.14) 



i7 < 



R/2 k ~ 



dz +Jpkll \u\ 2 dz<^H \u\ 2 dz. (3.15) 



Qs 



R 2k 



Now let us handle /. Since c a e C^°, |X/Cq,| is bounded. By properties of 
£ (x) and 77 (t), 



I = c 



I R/2k-l \I\<k-2 JB R/2k-l 



affvXricaXp^uy) dx)dt 



^ E 



|J|<fc-2 



+ c E 
^ E 



[l^'X^^/Cal + \c a Xp£Xiu j \ +\c a U j XiXfiZ\ }dz 



\I\<k-2 



Qr/2>*- 



+ c E 



1 , ,,2 1 



— U J + — — \XlU 



l R 2 



|/|<fc-2 J QR/2k-l 

By the assertion for | J| < k — 1, 



I? 2 



i?2(|/| + l) 



\u j \ }dz. (3.16) 



E ,, 

|/|<fc-2 J J Qr/2^- 



\XiXfsu j \ dz < 



, , \u\ 2 dz < 77T 

R 2( - k -V JJ Qr 1 1 - R 2k 



\u\ 2 dz 



and 



Ix^fdz^ 



|/|<fc-2 J Qr/2*- 

Inserting the above two inequalities into (|3.16|) yields 



|u| 2 dz < 



Qr/2 



\u\ 2 dz + 



Q R/2 k~2 



R 2(k-1) 



\u\ 2 dz 



i?2(fc-2) 



R 2k L L 



\u\ 2 dz. 



Qm 



\u\ dz 



< 



R 2k 



\u\ 2 dz. 



Qr 



(3.17) 



Putting (1335)) and ([3~T7| into (|3~TT|) . we get 



E // \ x M 2 dz<^- 2k 

\I\=k J J QR/2k 



\u\ 2 dz, 
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hence (|3.9[) is proved. 

The proof of (|3 . 10[) is easy. In fact, since d™u is also a weak solution of 
(|3.ip . it shows by applying (|3.9[) to <9™u and noting (|3.4[) that 

< E pr// iar«i 2 ifa* 

|/|+2m<fc JJ Q R /&m 

— ^T7r-^i — / / |m| 2 dxdi 

\I\+2m<k JJQr 



Lemma 3.5 (Sobolev-Poincare inequality, see f7j], and references therein). 
For any open set Q,' , Cl 1 (e Q, there exist positive constants i?o and c such that 
for any x £ ft', < R < R a , u € C°°(B R ), 

(J- / \ u -u R fdx)? <cR{-±- [ £\Xiufdx)*, 
\ b R\Jb r \ B R\JB R rr[ 

where 1 < p' < Q, 1 < q' < £® , , Ur (t) — -ri—r f R u (x, t)dx, Rq and c depend 
on f2' and f2. 

//we Cq 00 ^,), ften /or allK?'^, 

(j^-r/ H 9 '&)F< c i?(J_ / j2\X % u\ P 'dx)V. (3.18) 
\ b r\Jb r \ b r\Jb r ~{ 

In particular, if p' = q' = 2, then 

[ \u\ 2 dx <cR 2 [ \Xiu\ 2 dx\ (3.19) 

•/ Br J Br „■ i 



ifp' = 2, q' = -p^, then 

(/ |w|^da;)^r < c ( / |Xu|<fo)5. (3.20) 

J Br J Br 

Lemma 3.6 Let u € V^(Qt) a weak solution of \3.1\) in Qt and Qr C Qt- 

Then for any < p < R, 

\u\ 2 dz<C{^[[ \u\ 2 dz. 



-R 



Qr 
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Proof. Let ki and be fixed integers such that k\ > % and jbg > 1. If 
P > 2^1+^2 + a ' then the conclusion is obvious. If p < ^ftt^t^' then by 
11377)1 and (137511 . 

|m| 2 cfedi < / jBpl sup |w| 2 cii 

^P B R/2 k l+ k 2+2 

<c\B p \ I \B R /2H+^\' 1 R m I \X lU \ 2 dx)dt 



J ^ |J|<fel - D /?./2 fc l+ fc 2 

^ c ^4 E i?2|/ ' / |/ p |sup|X /U | 2 dx 



l+ k 2 



< ^{fi E * 2m / E * 4ro ~ 2 / lar^^i 2 ^ 

' R ' |/|<fcl ~' B R/2 k l+ k 2 2m<k 2 '' I R/2 k l+ k 2 

^(|) 2 ^ E « J, " l+M // |a " x '" |3d =- 

1 |/|+2m<fe 1 +fe 2 17 ■ /( <'i?./2 fc l+ fc 2 

Applying (|3.10j) leads to 

where we have used the definition of Q and the fact that |-Br| can be approxi- 
mated by some polynomial in R, see [7], [I!]- ■ 



Lemma 3.7 Suppose thatu G V2(Qt) is a weak solution of liS.l]) . Qr{zq) C Qt 
and u = on 8 p Qr. Then for any < p < R, it follows 

JJ \Xu\ 2 dxdt <c{J^j Q+2 J J \Xu\ 2 dxdt. 

Proof. Let k\ and ki be fixed integers such that k\ > ^ and &2 > 1- If 
P > 2 |c i+^2+i t ' then the conclusion holds; if p < 2 k 1 ^i 2 +A , then by (|3.7|) and 



// \X iU \ 2 dxdt < / |B p | sup \X iU \ 2 dt 

JjQp Jlp B R /2 k l + k 2+3 

<c\B p \ I (J2\B R/2kl+k2+ i\~ 1 R 2 ^f \X I X l u\ 2 dx)dt 

\I\<kl J B R/2 k l+ k 2 + l 

^ c nM E Rm f \I p \sup\X I X t u\ 2 dx 



\I\<k x D R/2 k l + k 2+l 

<cp 2 ^f\ Rm I E Rim ~ 2 I \d?XjX t u\ 2 dtdx 



2m<k 2 1 R /2 k i+ k 2 + 1 



^ c (i) 2 Wl E R 2(W+2 ^[[ \dTx lXl u\ 2 dz. 



13 



In virtue of (|3~TU)) and (jXT^) . 



\u\ 2 dz 



< c 



Similarly to Lemma 3.6, we end the proof. ■ 

We need to define a parabolic distance d p corresponding to dx- For (x, t), (y, s) G 
Qt, set 

d p ((x,t),(y,s)) = (d x (x,y) 2 + \t- s|)i 
Denote a ball with respect to the distance d p by 

B p ((x 0l t ) , R) = {(x, t) S Q T ■ d p {(x , t ) , (x, t)) < R}. 

An important fact is that B p ((xo,to) , R) is a homogeneous space (see [8], 
[1, Proposition 3.8]). According to it and 

Qr (*) C B p (z, 2R) C Q 2R (z) , 

we immediately know that the reverse Holder inequality in [8] (or [21]) is true 
for parabolic cylinders. 

Lemma 3.8 Let g > on Qt- If for some q > 1 such that for any Qm C Qt, 

— j-r / / g^dxdt < b (-^— r / / gdxdt) +6 [[ g^dxdt. (3.21) 
\Qr\JJq r \\Q4r\JJq 4R J JJq 4R 

Then there exist positive constants b > 1 and 9q = 0o(q, Qt) such that if 8 < 9q, 
then g G Lf oc (Qt) for any p € (q, q + e]. Moreover, it holds 

where the positive constants c and e depend only on b,q,9 and Q. 

Theorem 3.9 Let Qr C Qar C Qt Qfirf u G ^(Qt) fre weak solution of 
VS. 1)) in Qt and u — on d p Qm- Then there exists a constant s > 2 such that 
Xu G Li oc (Qt)- Moreover, the following inequality holds 

(J- - // |X<<fe) 1/s < C(-^- / / |A«| 2 dz) 1 ^. 
\Qr.\ JJqr \QiR\JjQiR 
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Proof. Set 2* = an d q = Note 



Q+2- 

|u(t)| 2 ^ 



2R 

<sup(/ |w(t)| 2 da; ) 2 • ( / (/ |u(t)| 2 dx ) eft ) , (3.22) 
Iir \Jb 2 r J \Ji 2 r \Jb 2 r J J 

and denote 

A = sup( [ \u(t)\ 2 dx Y ,B ee / (/ \u{t)\ 2 dx) dt. 

I 2 R \Jb 2 r J Jl 2 R \JB 2 r J 

Now we estimate A and B, respectively. By (|3.2p and (|3.19[) . 

A <-|(// \u\ 2 dz)^ < c( [ [ \Xu\ 2 dzf>. (3.23) 



4H ^ ^ Q4fi 



i? 

To B, we have by (j3~18l) and (j3~20| that 



S< / I / |u(t)| 9 ~da;) ( / \u(t)\ 2 ' dx)' 2 dt 



I2R \J E>2R 



2g , 
- ' ' 2* 



<c \K* I \Xu\ q dx\ (/ \u\ z dx) dt 

<J I2R \ J E>2R / \J B2R / 

1 1 

<cRi ( \Xufdx)[ \Xu\ 2 dx)dt 
Ji 2 R \Jb 2 r ) \Jb 2 r J 

\ 2 « / f ( f T \ 2 2g-l 



< ci?2 ( M jXM^dz / / \Xu\ dx) dt 

IQ 2 R J \Ji 2 r \Jb 2 r 



3 1 



<ci?t-tl// \Xufdz) 2q [ll \Xu\ 2 dz) . (3.24) 
Inserting (|3.23[) and (|3.24l) into p. 221) and using Young's inequality, 

\u (t)\ 2 dz 

1 

<cRi-%([[ \Xu\ 2 dz) ■ ( I \Xu\ 9 dz 



<eR 2 ll \Xu\ 2 dz + C(e)R~v ( // \Xu\^ dz 

JQiR 
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Returning to p.2[) and using the above inequality lead to 

ikJL ,Xufdz 

2 

^ S \7T1 1 1 \ Xu \ 2(iz + C ^ fiTTT / / ^ dz ) 9 ■ 

\Q4R\JJq4R \\Q4R\JjQ iR J 

Let g = \Xu\ q , q = | = > 1 , 6 = e. The previous inequality is of the form 

\Qr\ IIq r 9 ~ \Qar\ Uqm 9 + {) \\Q*r\IIqJ ) 
Due to Lemma \3. 81 there exists e > such that for any pg [q,q + e), 

Denoting s = pq E [2, 2 + e), the proof is finished. ■ 

Remark 3.10 It is not hard to find that the conclusion of Theorem \3.9\ is still 
true for the homogeneous parabolic system with variable coefficients, when we 
check carefully the above proof. It will be useful in Section 4- 

4 Proof of Theorem 1.1 

In this section we will prove Theorem ll.il First step is to establish the following. 
Theorem 4.1 Let u € V^Qt) be a weak solution of 

ul + X* a (atf(z)X^) = Q, 

in Qt- Suppose coefficients a?j(z) £ VMO(Qt) and satisfy ll.Hfy . Then for 
any < /z < Q + 2, there exist positive constants Rq and c such that for any 
p < R< ^ min(Ro, dist(zo, 8 p Qt)) , it holds 

J J \Xufdxdt<c(J^Y J J \Xufdxdt, 
where Rq and c depend on Q, /i, A and the VMO modulus of a". . 



1G 



Proof. Let w be a weak solution of the following system 



w\ + X*((a?f ) Z0 , R )Xp W j) = 0, mQ R , 
w = it, on d p Q R , 

a0\ 



(4.1) 



where z is a fixed point in Q R , (a°f) Zo>R = \ Q T nQ R \ IlQ T nQ R % ( z ) dz - Thcn 
v = u — w satisfies 



vl+X* a ((atf) Z0 , R X^) = X*(((a%f) Z0 , R - a $(z))X p v?),m Q R , 
v = 0, on d p Q R . 



(4.2) 



Multiplying both sides of (|4.2I) by v l and integrating by parts on Qj 



{v\v l + (ath Z0 , R X^X a v l )dz 



((Kf) Z0 , R -a:f(z))X^X a v*)dz 



< 



<a 



Qr 



Qr 



CW-(C),o,h \Xu\\Xv\dz 



a ij( z )-( a ij)z .R \ Xu \ dz + ell \Xv\ dz. 

Qr 



Noting // v\v l dz = J Br dx f£_ R3 v l dv l > and (fT2|) . it follows 



\Xv\'dz<C e H aZf(z)-(a%P) ZQtR \Xu\< dz. (4.3) 



a0\ 



From a°f € VMO, we see that for any e > 0, there exists R > such that for 



any R < Rq, 



( 1 



\\Qr\ 



Qr 



aij( z ) ~ K, Wfl 



dz 



< e 



and 



Qr 



a ii( z ) - ( a ?f)z„M \Xu\ dz 



< \Qr\(i 



a ?f( z ) ~ «f ° ' dz)°>~{ 



a/3 



\Qr\jjq r 

<e\Q R \{-±-M \Xu\ s dzf 
\Qr\JJq r 



\Qr\ 



\Xu\ s dz) 2 ' s 



<s \Xu\"dz, 

J J QiR 

where we have used Theorem 13. 9\ Remarks 13.21 and 13.101 
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Inserting the above inequality into (|4.3p . we immediately get 

ff \Xv\ 2 dz<eff \Xu\ 2 dz. 
JJQr JJQar 



Applying Lemma T3. 71 to w, 



\Xu\ 2 dz<2 \Xv\ 2 dz + 2 \Xw\ 2 dz 



<c\\ \Xv\ 2 dz + c(-^) Q+2 / / \Xw\ 2 dz 



< 



cff \Xv\ 2 dz + c{^-) Q+2 f f \Xu\ 2 dz 
JJQp R JJQr 



< c ((^)Q+2 +£ ) // \ Xu \ 2 dz. 
R JJQr 

The proof is reached by using Lemma 2.6. ■ 

Next we discuss estimates of weak solutions of (jl.lj) in parabolic cylinders. 

Theorem 4.2 Under the assumption (H), let u S V^(Qt) be a weak solution 
°f (GUP in Qt and u = on d p Q R . Suppose that there exist A and 7 such that 
A < 7 < Q+2 and the function ^r^y is almost increasing. Then Xu G L 2 j x (Q p ). 
Furthermore, for any p < R, Q R C Qt, it follows 

\Xu\ 2 dz < c ^^ JJ \Xu\ 2 dz + cpWp){\\f\\ 2 LV + llsll^x)- 

Proof. Let w be a weak solution to the system 

w\ + XXatfXpvP) = 0, in Q R , 
w = u, on d p Q R , 

Then v = u — w satisfies 

v\ + X*(afXpvi) = g t + X*f? , in Q R , ^ 
v = 0, on d p Q R . 

Multiplying both sides of the system in (|4.5|) by v % and integrating on Q R , 
{v\v l + a?fx pV iX a v l )dz = ff { g y + f?X a v l )dz. 



Using ([535]) . 

(v\v l + a% p X^X a v l )dz 



Qr 

< a 



ff (\g\ 2 + \f\ 2 )dz + e ff \v\ 2 dz + eff \Xv\ 2 dz 
JJQr JJQr JJQr 



<2eU \Xv\ 2 dz + Cj (\g\ 2 + \f\ 2 )dz. 
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Since JJq r v\v l dz — J Br dx f t °_ R 2 v l dv l > and (|1.2|) , it yields 



\Xv\"dz<C e (\g\* + \f\')dz. (4.6) 

Qr J JQr 



Thanks to Theorem 14. 1[ we have 

\Xu\ 2 dz<2 \Xw\ 2 dz + 2ll \Xv\°dz 



<c(4)"// \Xu\ 2 dz + cll \Xv\ z dz 



R' 



<c(^Y \Xw\ 2 dz + c \Xv\ 2 dz 



R 



<<iru \xu\'dz+c e ii (isr+i/n^ 



R J J Qr 

\Xu\ 2 dz + C e [ [ 

Qr J JQr 

< <iY 1 1 \Xu\ 2 dz + c^(R)R\\\f\\ 2 LV + \\g\\ 2 LV ). 

R 

2 



Now letting H{p) = ff Q \Xu\ z dz, H(R) = JJ Qr \Xu\ dz, B = \\f\\ L ^ + 

||<7||^2,a, F(R) — tp 2 (R)R x and j3 = Q + 2, and noting that the function is 
almost increasing in (0,Rq\, we have by Lemma 12.61 that 

\Xu\ 2 dz<c ^^ JI Q \Xu\ 2 dz + cp^(p)(\\nl r + \\9\\l V )- 
This proof is completed. ■ 

Proof for Theorem 1.1. By Theorem 14.21 and the cutoff function technique, 
it is easy to see that Theorem II .11 is true, and we omit the details. ■ 
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